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For a linear subspace M of a normed linear space X and x € X, let P,,(x) be the
set of all best approximations to x from M. We study the subspaces M such that
P, is uniformly Hausdorff strongly unique. The 1}-ball property implies uniform
Hausdorff strong uniqueness, but the converse is false. We obtain that, if P, is
uniformly Hausdorff strongly unique, then P,, is Lipschitz continuous. When M is
a hyperplane, P,, is Hausdorff strongly unique for some x e X\ M if and only if P,
is uniformly Hausdorff strongly unique. In C[a, b], P, is uniformly Hausdorff
strongly unique if and only if M is one dimensional and Chebyshev. © 1989

Academic Press, Inc

Let X be a normed linear space, and for xe X and » =0 denote
B(x,r)=By(x,r)={yeX:|y—z| £r}.

For a nonempty subset M of X and each x € X we denote by P,,(x) the
set of all best approximations to x from M, ie.,

Py(x)= {moe M: |x —mq | =d(x, M)}.
The set M is called:
(1) proximinal in X i, for each x€ X, P,,(x) is nonempty.
(2) Chebyshev in X if, for each xe X, P,(x) is a singleton.

Throughout this article, unless otherwise specified, M will denote a linear
(not necessarily closed) subspace of X.
For xe X and & 20, we denote by P,(x) the set of all ¢-approximations
to x from M, ie.,
Pox)={moe M: |x —my| <d(x, M) +¢}.
Notice that P%,(x)= P,,(x). Clearly, for each ¢ >0, we have

cdx)=M o B(x, d(x, M) +¢)
and for each ¢ >0, P3,(x)# .
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For a set AcX and £2=0, the closure of the eneighborhood of 4,
denoted by 4,, is

A,=B(A)={xeX: d(x, A)<¢&}.

Using the convention that d(x, ¢) = oo, it follows that, for 4 =¢, we have
A, = ¢ for each (finite) ¢ = 0.

Many mathematicians have studied strong uniqueness when A is
Chebyshev. W. Li [6] defined and studied Hausdorff strong uniqueness in
C(T) when M is proximinal. Here we will give the definition of Hausdorff
strong uniqueness and define uniform Hausdorff strong uniqueness for any
normed space X. In this article we give a characterization of (uniform)
Hausdorff strong uniqueness. We show that the 13-ball property is strictly
stronger than uniform Hausdorff strong uniqueness. But if P, is uniformly
Hausdorff strongly unique then P,, is Lipschitz continuous. In C[a, 5], we
characterize a subspace whose metric projection is uniformly Hausdorff
strongly unique. Finally we show that for a hyperplane M, P, is Hausdorif
strongly unique for some x € X\ M if and only if P,, is uniformly Hausdorff
strongly unique.

DermniTioN 1 [6]. Let M be a proximinal closed subspace of X and let
xe X. The set P, (x) is said to be Hausdorff strongly unique if

—m| —d(x, M
”xd(Z”PM((;)) ):meM\PM(x)}>O. (1.1)

r(x):= inf{

If P,(x) is Hausdorff strongly unique, it foilows that
Ix —ml|l 2 d(x, M)+ r(x) d(m, P(x)) (1.2)

for each me M. In addition, r = r(x) is the largest constant for which (1.2}
holds for each me M.

Notice that if M is Chebyshev, then this condition reduces to the well-
known condition that P,,(x) is strongly unique;

lx—ml 2 llx = Pyl + r(x)l|m— P y(x)],

for each me M.

LemMma 2. Let M be a proximinal subspace of a normed linear space X.
Then

(1) for any x, ye X, |x =yl Sd(x, M)+ d(y, P, (x)).
(2) for each xe X, |x —ml Ld(x, M)+ d(m, P,(x)) for any me M.
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80 SUNG HO PARK
(3) i Plx) is Hausdorff strongly unique, then r(x)< 1.
(4) P(x) is Hausdorff strongly unique with r(x)=1 if and only if
lx —m| = d(x, M)+ d(m, Py(x))
Jfor each me M.

Proof. (1) Let x, ye X be given. Then for each me P,,(x),

lx =yl = llx—m| + Im—yl =d(x, M)+ |m—y|.

Thus [x—yll Sd(x, M)+ d(y, Pplx)).
(2) Take y=m in (1).
(3) Assume that r(x)>1 and m¢ P,(x). By (2),
lx—ml 2 d(x, M)+ r(x) dim, Pp(x))
>d(x, M)+ d(m, P,(x))

Z [lx —m].

This is a contradiction. Thus r(x) = 1.
(4) I P,(x)is Hausdorff strongly unique with r(x)=1, then

llx —m|| 2 d(x, M)+ d(m, P/(x))

for each meM. But (2) implies the reverse inequality. Thus
lx —m| =d(x, M)+ d(m, P(x)) for each me M.

Conversely, if [x—m| =d(x, M)+ d(m, P,(x)) for each me M, then
P(x) is Hausdorff strongly unique with r(x)=1. By (3), r(x)=1.

THEOREM 3. Let M be a proximinal subspace of a normed linear space
X, xe X, and r>0. Then the following statements are equivalent:
(1) Pu(x) is Hausdorff strongly unique with r < r(x);
(2) Pi(x) = Pylx),, for each e 2 0.

Proof. (1)=(2) Suppose (1) holds. Then |x—m|=d(x, M)+
rd(m, Py (x)) for each me M. Let €20 and m e P5,(x). Then we have

rd(m, Py(x))+d(x, M) < |x —m| S d(x, M) +e.

So d(m, Py(x))<¢/r. Thus me Pyp(x),,. Therefore, P5,(x)< P,,(x),, for
each ¢=0.
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(2)=(1) Suppose (2) holds. Let me M and e=|x —m| —d(x, M).
Then ¢ 20 and m e Pj,(x), so me Py(x),,. Thus
1

d(m, Py(x)) ==~ (|x—m| = d(x, M)

1e.,

rd(m, Py(x))+d(x, M) = | x —m]|

for each me M. Therefore P,(x) is Hausdorff strongly unique with
r<r(x).

DermviTioN 4. Let M be a proximinal subspace of X. The metric projec-
tion P,, is said to be uniformly Hausdorff strongly unique if

r(M):=inf{r(x): xe X} >0.
Note that r(M) is the largest number so that
lx —mi| 2 d(x, M)+ r(M) d(m, P,/(x)) (3.1)

for each x e X and me M. Moreover, if r(M) =1, then r(x)=1for all xe X.

ExampLE 5. [There is a proximinal subspace M which is not Chebyshev
so that P,, is uniformly Hausdorff strongly unique.] Let M =span{(1, 0}}
be a subspace of X =R with the norm: ||x| = [{(x;, x5)| =max{|x,|, |x,]}.
Then M is proximinal (not Chebyshev) and P,, is uniformly Hausdorff
strongly unique with r(M)=1. Clearly for each x = (x,, x,)e X,

Po(x)= {(a, 0): e [x; — [x2], %1 + |x,1]}

and d(x, M) =|x,].

Now we want to prove that P,, is uniformly Hausdorff strongly unique
with r(M)=1 Let x=(x,x,)eX and m=(a,0)eM be fixed. Then
lx —mll =max{|x, —al, |x,]}.

If |x —m| = |x,], then me P,,(x) so d(m, P,(x))=0 and d{x, M)=ix,].
Thus ||x —m| =d(x, M)+ d(m, P,{(x)).

If |x—m|=|x;—a|, then m¢ Py(x), so either a>x,+|x,| or
a<x;—|x,. If a>x,+|x,|, then d(m Py(x))=a—x,—|x,], 80
d(x, M) + d(m, Py(x)) = |x3] +a—x; — x| =a—x; = [lx —m|. ¥
a<x;—|x,|, then d(m, P, (x))=x,—|x,| —a, so dlx, M) + d(m, P, {(x))
= x| +x;— [X;| —a=x;—a=|x—m].

Therefore for each xe X, |x—m|=d(x, M)+ d(m, P,(x)) for any
me M, Thus P, is uniformly Hausdorff strongly unique with #(M)=1.
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As an immediate consequence of Theorem 3, we obtain
COROLLARY 6. Let M be a proximinal subspace of a normed linear space
X and 0 <r. The following statements are equivalent.
(1) Py, is uniformly Hausdorff strongly unique with r < r(M);
(2) For each xe X,
Pi(x) & Pp{x)g
Jor each ¢ 2 0.

When M is proximinal in X, P,, is uniformly Hausdorff strongly unique
for P,, with r(M)=1 is equivalent to what G. Godini [5] called property
(*) of M.

DermNITION 7 [5]. A subspace M of a normed linear space X has
property (*) in X if for each xe X with P, (x)# (& and each me M we
have that

d(m, P,(x))=|x —m| —d(x, M). (7.1)

DerFINITION 8 [11]. A subspace M of a normed linear space X has the
1i-ball property in X if the conditions me M, xeX, r,20 (i=1,2),
Mn B(x,r,)# &, and ||x —m| <r,+r, imply that

MnB(m, r)nB(x,r))# .

THEOREM 9. Let M be a proximinal subspace of a normed linear space X.

The following statements are equivalent.

(1) Py, is uniformly Hausdorff strongly unique with r(M) =1,

(2) M has property (*)in X;

(3) For each xe X.

Pix)=Py(x);n M

Sor any ¢ 20;

(4) M has the 13-ball property in X.

Proof. The equivalence of statements (2), (3), and (4) was proven by
G. Godini [5].

(1)« (2) Clearly, P,, is uniformly Hausdorff strongly unique with
r(M)=1 if and only if r(x)=1 for each xe X. By (4) of Lemma 2, this is
equivalent to M having property (*).
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Recall [8] that a subspace M is a “semi-L-summand” in X if M is
Chebyshev and for each xe X

Il = 1P a Gl + llx — Pyl
CoroLLARY 10. If M is a semi-L-summand in X, then P, is uniformly
Hausdorff sirongly unique with r(M)= 1.

Proof. Since P, is “additive modulo M” (ie., Py(x+m)=Pp(x)+m
for each xe X and me M), by replacing x by x—m in the definition of
semi-L-summand we obtain that

Ix —mll = [|Ppx — m){| + llx —m — Py (x — m)|
=[P pe(x) —ml + l|x — Ppx)]
=d(m, Py(x)) +d(x, M)
for each me M. Thus M has property (*). By Theorem 9, the result follows.

Remark. By Theorem 9, the 1i-ball property implies uniformly
Hausdorff strongly unique. But the converse is not true in general.

ExampLE 11. [There is a subspace M for which P, is uniformly
Hausdorff strongly unique with O0<r(M)<1 but M fails the 1i-ball
property.] In C[0, 1], let 0<r <1 and M =span{m} where

mo(t)=(r—1)t+1

for any re {0, 1] and 0 <r < 1. Clearly |myi =1. Then M is a Chebyshev
subspace of C[0, 17]. Fix any fe C[0, 1]. By the alternation theorem, there
exist ¢y, ;€ [0, 1] such that

S(to) —opmo(to) = || f— apmmg |

S(t) —omo(ty) = — || f—o,m ||
or

Jlto} —agmo(to) = — || f—amq |

Sf(t) —apmo(ty) =1 f—omo],
where P,,(f)= {am,}. We may assume

S (o) —opmo(te) = | f— o omy i

[t —amo(t))= — | f—omyll.
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Note that r =min{|mg()|: 1€ [0, 1]}. Let amye M be given. If a,= a, then

[f—amg || = || f— otpmo + (o — o) mo |
= | f(29) — oymy(to) + (ot~ @) mo(2,)]

o .
Z I/~ agmo | + ay— ot | min_ |mo(0)

r
=|f- Ay [+ ‘”‘m_o‘”‘ ”“fmo —amy .

If ;< «, then

I f—omg || = | f—omg+ (o,—a) mg |
2 | f(1,) —apmg(ty) + (o, — a) mg(ty)]

e .
2 1= aymo | + o= | min_mo(0)

=l f—aymo| +H—m’ﬁ Nty mg — amg .

Since [mo| =1 and Py(f)= {am,},

I f—mll Zd(f, M)+ rd(m, Py(f))

for any me M. Since f was arbitrary, P,, is uniformly Hausdorff strongly
unique and r < r(M). Now we want to prove that r is the largest number
and hence r =r(M). Define f(¢t)= (1 + r)/2 for any te [0, 1]. Then

{1+r 1{ ‘1+r r} 1
=max{|———=|, |——3|t==

2
since P, (f)= {m,}. Thus

2 2 2 2
If=3moll =d(f; M) +rd(3mo, Pp(f))-

N

Therefore r is the largest number. We have shown that P,, is uniform
Hausdorff strongly unique with 0 < (M) < 1. But in [10] we observed that
the only finite-dimensional subspace of C[0, 1] which has the 13-ball
property is M, =span{1}. Thus M fails the 1i-ball property.

Thus, in general, uniformly Hausdorff strongly unique does not imply
the 13-ball property. So uniform Hausdorff strong uniqueness is strictly
weaker than the 13-ball property. But we still have the following property:
If P,, is uniformly Hausdorff strongly unique, then P,, is Lipschitz con-
tinuous.
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Let X be a normed linear space and H(X) denote the family of all non-
empty closed, bounded, convex subsets of X.
Define 4: H{(X)x H(X) - R by

h(4, B)=sup d(a, B),

ac 4

where d(a, B) =inf, . |la — b||. The Hausdorff metric on H(X) is defined by
H(A, By=max{h(4, B), (B, 4)}.

Recall that P, is pointwise Lipschitz u.H.s.c. at x, if there exists 4,,>0
such that for each xe X,

h(P pe(x), PM(xO))é;on flx— xo .

THEOREM 12. Let M be a subspace of a normed linear space X. If P,,(x)
is Hausdorff strongly unique, then P, is pointwise Lipschitz u.H.s.c. at x
with constant 2/r(x).

Proof. Suppose that |x—m| =d(x, M)+r(x)d(m, P,(x)) for any
meM, Let ye X and me P,,(y) be given. Then

r(x) d(m, Py (x)) < |lx — ml|| — d(x, M)
= llx =yl + Ly = mll — d(x, M)
=llx -yl +d(y, M)—d(x, M)
22x—yl.
Thus  A(P,(y), Py(x)) < (2/r(x)){|x —y|. Therefore P, is pointwise

Lipschitz u.H.s.c. at x with constant 2/r(x).

DermniTioN 13, Let M be a proximinal subspace of a normed linear
space X. P,, is said to be Lipschitz continuous with constant A if

H(Py(x), Pp(y)) S Allx—yl
for any x, ye X.

THEOREM 14. Let M be a proximinal subspace of X. If P,, is uniformly
Hausdorff strongly unique, then P,, is Lipschitz continuous with Lipschitz
constant 2/r(M).

Proof. Let r=r(M). Since P,, is uniformly strongly unique, for each
xeX and me M.

Ix—ml Z d(x, M)+ rd(m, P,(x)).
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Let x, ye X and me P,,(y). Then
rd(m, P (x)) < | x —m| —d(x, M)
Slx—yl+ly—m|—dx, M)
=[lx—yl +d(y, M) —d(x, M)
=2 [x—yl.

Thus d(m, Pp(x))<(2/r) |x—y|l. Since m was arbitrary in P,«(y),
R(Py(y), Mp(x))=(2/r) Ix—p|. By symmetry, h(Py(x), Pu(y))s
(2/r) |Ix—yl. Therefore H(Py(x), Pi(Y))=(2/r) |x—yl, and P, is
Lipschitz continuous with Lipschitz constant 2/r.

THEOREM 15. Let M be a finite-dimensional subspace of Cla, b]. The
Sfollowing statements are equivalent.

(1) P, is uniformly Hausdorff strongly unique,
(2) M is one dimensional and Chebyshev.

Proof. (1)=>(2) Suppose (1) holds. By Theorem 14, P,, is Lipschitz
continuous. Since [a, b] is a connected compact Hausdorff space, M is
Chebyshev [2]. By a result of Cline [3], M is one dimensional. Thus (2)
holds.

(2)=(1) Suppose M is one dimensional and Chebyshev. Then there
exists x, e C[a, b] such that x; has no zero and M =span{x, }. By the
same argument to Example 11, we can prove that P, is uniformly
Hausdorff strongly unique.

Remark. In C(T), where T is a connected compact Hausdorff space, the
above theorem is also true. In fact, (1) = (2) is the same proof as the above
and by a Theorem in [9] and the same argument to Example 11, (2} = (1).
(2)= (1) also follows from the result of Wu Li [7].

In general, the converse of Theorem 14 is not true. We have an example.

ExXAMPLE 16. [P,, is Lipschitz continuous, but P,, is not uniformly
HausdorfT strongly unique.] Let X = R? have the norm

Il = H(x(1), x@2)) = {Ix(1))> + [x(2)1*} 2.

Let M =span{(1,0)}. Then clearly M is Chebyshev and P, is Lipschitz
continuous, i.e., | P {x)— Py »)| < |x — y||. Suppose that P, is uniformly
Hausdorff strongly unique and let r =r(M). Let x= (0, 1) so P,(x)= (0, 0)
and d(x, M)=1.If r=1, let m= (1, 0). Then

d(x, M) +rd(m, Py(x))=2>||x—m)|
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which contradicts uniform Hausdorff strong uniqueness. If 0 <r<1, let
a=r/(1—r%) and m=(a,0). Then

d(x, M)+ rd(m, Py(x))=1+r /1 +a*< /1 +a’=]|x—m|

which also contradicts uniform Hausdorff strong uniqueness. Thus P, is
not uniformly Hausdorff strongly unique.

CoroLLARY 17 [11]. Let M be a proximinal subspace of a Banach space X.
If M has the 15-ball property in X, then P, is Lipschitz continuous with
Lipschitz constant 2.

Proof. By Theorem 9, P,, is uniformly Hausdorff strongly unique with
r(M)=1. The result now follows by Theorem 14,

TueoreM 18 [4]. Let M be a finite-dimensional subspace of X. If Py, is
Lipschitz continuous, then P,, has a Lipschitz continuous selection which is
homogeneous and additive modulo M.

COROLLARY 19. Let M be an n-dimensional subspace of X. If P, is
uniformly Hausdorff strongly unique, then P,, has a Lipschitz continuous
selection which is homogeneous and additive modulo M. Moreover, if M has
the 13-ball property in X, then P,, has a Lipschitz continuous selection whick
is homogeneous and additive modulo M.

Proof. If M has the 1i-ball property, then by Theorem 9, P,, is
uniformly Hausdorff strongly unique. By Theorem 14, such maps are
Lipschitz continuous. The result now follows by Theorem 18.

Remark. M. W. Barteit and H. W. McLaughlin [17] proved that if the
best approximation to x from M is strongly unique, then so is the best
approximation to every element of span{M, x}. This result can be
generalized.

THEOREM 20. Let M be a subspace of X and xe X\M. If P,(x) is
Hausdorff strongly unique, then P, is uniformly Hausdorff strongly unigue
in span{M, x}.

Proof. Suppose P,(x) is Hausdorff strongly unique, ie., there exists
r>0 such that {x —m| Z d(x, M)+ rd(m, P,{x)) for any me M. The case
M= {0} is trivial. Assume that M # {0}. It suffices to show that for any
scalar a and mye M,

f(ax +my) —m| = dlax + my, M)+ rd(m, P, (ax + my))
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for any me M. Let ax+ myespan{M, x}. If a=0, it is obvious. If a0,
then for all me M,

1
lax +mo —mi| = |a] || x —— (m—mj)

= Ial{d(x, M)+rd (% (m —my), PM(x)>}

=d(ax +my, M)+ rd(im—mg, Py(ax))
=d(ax +my, M)+ rd(m, P, (ax + m,)).

Since ax+m, was arbitrary in span{M, x}, P,, is uniformly Hausdorff
strongly unique.

COROLLARY 21. Let M be a hyperplane in X.
The following statements are equivalent.

(1) There exists xe X\M such that P,(x) is Hausdorff strongly
unique;

(2) Py is uniformly Hausdorff strongly unique in X.

Proof. (2)=>(1) is obvious.
(2)= (1) Suppose that (1) holds. By Theorem 20, P,, is uniformly
Hausdorff strongly unique in span{M, x}. Since span{M, x} =X, P,, is
uniformly Hausdorff strongly unique in X.
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